A numerical study of chaotic field line diffusion in a tokamak with an ergodic magnetic limiter is described. The equilibrium model field is analytically obtained by solving a Grad-Schlüter-Shafranov equation in toroidal polar coordinates, and the limiter field is determined by supposing its action as a sequence of delta-function pulses. A symplectic twist mapping is introduced to analyze the mean square radial deviation of a bunch of field lines in a predominantly chaotic region. The formation of a stochastic layer and field diffusivity at the plasma edge are investigated. Field line transport is initially subdiffusive and becomes superdiffusive after a few iterations. The field lines are lost when they collide with the tokamak inner wall; their decay rate is exponential with Poisson statistics.
I. INTRODUCTION
The existence of magnetic surfaces is a necessary requirement for plasma confinement in fusion schemes. 1, 2 These surfaces, with the topology of nested tori, exist whenever the system has some spatial symmetry and, accordingly, they may well be destroyed as this symmetry is broken by some means. 3 The problem of particle confinement in a plasma is related in a nonobvious way to the problem of determination of magnetic surfaces. Classical and neoclassical transport in a direction perpendicular to these surfaces, for example, is not sufficient to explain the experimental data. 4, 5 This phenomenon of anomalous transport has been one of the most studied themes in fusion plasma theory since the 1960s. 6 There are two general points of view on anomalous diffusion: ͑i͒ the existence of magnetic surfaces is assumed, but the transport properties are due to complex particle motions which are disregarded in traditional theories; ͑ii͒ the particle orbits are taken as essentially simple, but the magnetic surfaces themselves may not exist. 7 In the latter case, a layer of stochastic, or chaotic, magnetic field lines should be found. These chaotic field lines are volume filling in an essentially ergodic fashion, causing a uniform spread of particles and energy. Field lines in a magnetostatic configuration may be chaotic in a Lagrangian sense-nearby field lines diverge exponentially in their revolutions along the torus.
One of the first works to deal with this problem was the seminal paper of Rosenbluth et al., 8 in which it was assumed that the destruction of magnetic surfaces is caused by a symmetry-breaking resonant perturbation. Since then, this problem has been extensively studied in fusion [9] [10] [11] and astrophysical applications. 12 Magnetic surface destruction is related to the overlapping of two or more chains of magnetic islands. 13, 14 These islands may result from the interaction between two helical resonant magnetostatic perturbations, or from one helical perturbation with toroidal effects. 9 The destruction of magnetic surfaces is followed by the appearance of a thin layer of chaotic magnetic field lines in the neighborhood of the islands' separatrices. These layers may fuse and spread out throughout a larger region, if the perturbation is strong enough.
While field line chaos may sometimes be regarded as an undesirable feature-as it may trigger soft disruptive instabilities in tokamaks, e.g., Refs. 15 and 16-it can be of interest for the sake of controlling plasma-wall interactions in tokamaks. It has been proposed that a cold boundary layer of chaotic field lines may uniformize heat and particle loadings on the tokamak inner wall, 17 reducing the release of impurities due to sputtering processes. More specifically, it has been argued that the impurity concentration in the plasma core could be reduced by a factor that is inversely proportional to the electron diffusion coefficient in the plasma edge. 18 This chaotic region in the plasma edge may be created using suitably designed resonant helical windings, 19 but they have to be mounted externally to the tokamak vessel wall, which is an intensively used interface with many diagnostic windows that complicate the task of setting up these windings. The ergodic magnetic limiter ͑EML͒, on the other hand, circumvents this problem by using only slices of helical windings in the form of current rings. 20 Some experiments with EMLs 21, 22 have shown a decrease of the plasma temperature in the edge region, thus reducing plasma-wall interactions, as well as opening the possibility of controlling some magnetohydrodynamical ͑MHD͒ oscillation modes. However, the claim that the chaotic boundary layer could uniformize heat and particle loadings in the wall has been questioned by experiments in which a poloidal modulation of thermal fluxes has been observed. of the field line diffusion in the chaotic region it is supposed to generate. In this paper we aim to study field line diffusion in a tokamak with EML, in order to investigate the design parameters required to achieve efficient particle diffusion in the plasma edge. We employ theoretical models for both equilibrium and limiter fields in order to analytically obtain a magnetic field line mapping. In this way the effect of parameter variations is more easily studied in comparison with mappings generated by numerical integration of field line equations. 25 However, the use of very simplified models, with ad hoc equilibrium fields and large aspect ratio geometry, may lead to rather artificial mappings which may mask some important aspects of the EML action, such as the role of toroidal effects and the Shafranov shift of magnetic surfaces. We derive a field line mapping which embodies three important features: ͑i͒ a coordinate system in which the toroidicity effects appear naturally in the corresponding coordinate surfaces; ͑ii͒ a self-consistent equilibrium field obtained from an analytical solution of the Grad-Schlüter-Shafranov equation; ͑iii͒ the design of the EML tries to follow the actual helical paths of field lines, taking into account pitch variations due to the toroidal geometry.
The map we obtain is rigorously area preserving, and may be regarded as a canonical transformation between action-angle variables, which are related to the geometrical field-line coordinates. 26 An explicit Hamiltonian function is obtained for the problem, assuming that the EML perturbation is a sequence of delta-function pulses. 27 We analyze phase portraits of this mapping which exhibit a sizable chaotic layer comprising both the plasma edge and the vacuum region that separates it from the inner wall. The radial excursion of chaotic field lines is studied by means of their average square mean displacement. If the chaotic region contains no stable periodic orbits, field line motion is essentially stochastic in the sense that the square mean radial displacement grows linearly with time, the diffusion coefficient being the corresponding growth rate. The presence of periodic islands embedded in the chaotic region alters this situation, however. 28, 29 Furthermore, there are other transport regimes-super-and subdiffusive-which are characterized by a power-law dependence on time. 30 Finally, as chaotic field lines diffuse along the radial direction, they eventually collide with the inner wall and are lost. We study statistically this process and find an exponential decay, from which a field line half-life can be defined and studied with respect to variations of the EML current. Moreover, the field line loss process may be treated using Poisson statistics, which is in accordance with the numerical results we obtained.
This paper is organized as follows: In Sec. II we outline the equilibrium and limiter fields to be used in this work. Section III describes the obtention of the field line mapping. Section IV shows results for mean square radial displacement of field lines in predominantly chaotic regions, indicating the transport regimes we observe, as well as the question of the loss of field lines due to collisions with the inner tokamak wall. Section V is devoted to our conclusions.
II. EQUILIBRIUM AND LIMITER FIELDS
We use a ͑nonorthogonal͒ polar toroidal coordinate system (r t , t , t ) that is introduced to exhibit toroidal effects in the tokamak equilibrium field line geometry. 31 In the large aspect ratio limit these coordinates reduce to the local coordinates (r,,). For arbitrary aspect ratio they may be defined in terms of the toroidal coordinates (,,) 32 by the following relations:
where R 0 Ј is the magnetic axis radius. In Fig. 1 we depict some of the coordinate surfaces for this system, in the plane ϭ0, and R, Z are usual cylindrical coordinates. The tokamak equilibrium magnetic field B 0 is obtained from an ideal MHD static equilibrium, described by
where p and J are the equilibrium pressure and current density, respectively. The equilibrium configuration can be also described by a scalar function ⌿ p , the poloidal magnetic flux function, satisfying
For an axisymmetric configuration, the poloidal flux is obtained by solving a Grad-Schlüter-Shafranov equation, that is equivalent to Eqs. ͑4͒-͑6͒. In the polar toroidal coordinate system used in this work this equation reads 
where J 3 is the toroidal current density, given by
in terms of the pressure p and the poloidal current function I(r t , t ). The contravariant components of the equilibrium magnetic field, consistent with Eq. ͑7͒, are
where the radial coordinate, in the cylindrical system, is related to the polar toroidal coordinates
At the large aspect ratio limit (r t ӶR 0 Ј), and supposing that in lowest order the solution, ⌿ p (r t ), does not depend on t , Eq. ͑8͒ reduces to an equilibrium equation similar to the one obtained in a cylindrical geometry, but in terms of r t . 1 However, as r t embodies the toroidal character of coordinate surfaces, the intersections of magnetic surfaces ⌿ p (r t ) ϭconst with a toroidal plane are not concentric circles but present a Shafranov shift toward the exterior equatorial region. 31 In this way actual magnetic surfaces are well approximated by coordinate surfaces in which r t ϭconst.
To solve Eq. ͑8͒ we need to assume spatial profiles for both the pressure p and current function I. In lowest order, however, it is sufficient to assume a single profile for the toroidal current density J 3 , as given by Eq. ͑9͒ in terms of p and I. So, we choose a peaked current profile, commonly observed in tokamak discharges, 1 and given by
where I p and a are the total current and plasma radius, respectively, and ␥ is a positive constant.
An approximate solution for ͑8͒ may be sought in powers of the aspect ratio r t /R 0 Ј . At lowest order, we find the following equilibrium magnetic field components:
.
͑17͒
The corresponding poloidally averaged safety factor is
with
which results in a parabolic profile. We assume that qϷ1 at the magnetic axis and qϷ5 at plasma edge. We normalize the minor radius b t and plasma radius a to the major radius
.36, and ␥ϭ3, which are consistent with typical tokamak discharges. 4 Figure 2͑a͒ shows some equilibrium flux surfaces for this set of parameters, and Fig. 2͑b͒ depicts the corresponding radial profile of the safety factor. In Fig. 2͑a͒ , the zeroth-and first-order solutions practically coincide, whereas in Fig. 2͑b͒ they show a small deviation as we approach the plasma edge.
We consider the following design for an ergodic magnetic limiter: N a current rings of length l located symmetrically along the toroidal circumference of the tokamak ͑Fig. 3͒. These current rings may be regarded as slices of a pair of external helical windings located at the tokamak minor radius r t ϭb t , and conducting a current I h in opposite senses for adjacent conductors. To induce a resonant perturbation we choose a helical winding with the same pitch as the field lines in the rational surface we want to perturb. This surface has a safety factor qϭm 0 /n 0 , where m 0 and n 0 are positive integers. In order to obtain this effect the winding law takes into account the helical field line pitch nonuniformity caused by the toroidal effect
The choice of is dictated by the location of the main resonant magnetic surface to be destroyed, and where we aim to produce chaotic field lines. In our case, we chose the resonant effect to occur at the equilibrium rational magnetic surface with qϭ5/1, since it is located near the plasma edge ͓see Fig. 2͑b͔͒ . It corresponds to ϭ0.54, as has been shown in Ref. 34 . The magnetic field produced by the resonant helical winding from which we build the EML rings is obtained by neglecting the plasma response and the penetration time through the tokamak wall. In this case, it is assumed to be a vacuum field: Bϭ"⌽ L , where the scalar magnetic potential ⌽ L satisfies the Laplace equation "
2 ⌽ L ϭ0 in polar toroidal coordinates, and with suitable boundary conditions which take into account the helical conductors at the tokamak wall following the winding law ͑20͒. In the following we will rather use the corresponding vector potential
from which the limiter field components are given by
Note that, due to the toroidal geometry, a (m 0 ,n 0 ) ϭ(5,1) resonant helical winding excites a large number of satellite resonances (m 0 ϩk)/n 0 whose amplitudes, being proportional to Bessel functions of order k, decay with increasing k. Excluding marginal stability states, for which the plasma response would have to be taken into account, the model field is the superposition of the equilibrium and limiter fields: BϭB 0 ϩB L .
III. MAGNETIC FIELD LINE MAPPING
Initially, we consider a tokamak with a resonant helical winding, which is a set of conductor pairs wound around the torus with a given definite pitch that resonates with the rota-
tional transform of the magnetic surface we wish to affect. The corresponding magnetic field line equations are written, in toroidal polar coordinates, as
where we use Eqs. ͑10͒-͑12͒ and ͑22͒-͑23͒, and B T ϵϪ 0 I/R 0 Ј is the toroidal magnetic field at the magnetic axis.
Since the equilibrium field is axisymmetric, we may set the ignorable coordinate as a time-like variable, and put field line equations ͑24͒ and ͑25͒ in a canonical form
where (J,) are the action-angle variables of a Hamiltonian system and tϵ. The equilibrium field line Hamiltonian H ϭH(J,) is an autonomous one-degree-of-freedom system, hence it is integrable. 35 The addition of a nonsymmetric perturbation caused by an EML introduces a ''time''-dependent term that breaks the integrability of the system. If the magnitude of this perturbation is not too strong, however, we may use the methods of Hamiltonian dynamics to understand field line behavior. 14 The action (J) and angle () variables are related to the polar toroidal coordinates in the following way:
where tϭ, and
in such a way that the Hamiltonian for the tokamak field with a resonant helical winding characterized by Eq. ͑21͒ is
However, it turns out that the length l of each EML ring is typically a small fraction of the total toroidal circumference 2R 0 Ј . If l is small enough, we can model its effect as a sequence of delta functions centered at each ring position. 27 So, we suppose the following Hamiltonian for the tokamak with finite length EML rings:
where the N a rings are symmetrically located along the toroidal direction. The impulsive character of the perturbation caused by the limiter rings enables us to derive a Poincaré ͑strobo-scopic͒ map for field line dynamics, defining J n and n as the action and angle variables at the nth crossing of the plane ϭtϭ0, respectively. 25 In the case of an EML with finite size rings, we have an explicit t dependence in the expressions, that gives a near-integrable Hamiltonian system, if the limiter current is small enough. The canonical areapreserving mapping for this near-integrable system is written as 
and the perturbation parameter is
͑38͒
The explicit forms of the Fourier coefficients of H 1 may be found in the Appendix. For ⑀ϭ0 it results in a radial twist map, characteristic of an integrable system. In Fig. 4 , we show a phase portrait, in action-angle variables, of many orbits with a large number of iterations of the above-mentioned map for an EML with N a ϭ4 current rings, (m 0 ,n 0 )ϭ(5,1), ϭ0.54, and a limiter current of 2.1% of the plasma current. There is a main chain of five magnetic islands at J Ϸ0.035 surrounded by many satellite chains (3/1, 4/1, 6/1, 7/1, and 8/1) caused by toroidicity effects. The overlap of the chains with mϭ4, 5, and 6 generates a sizable chaotic field line region with a width of ⌬JϷ0.02 centered at J . This chaotic region does not reach the plasma wall because of some remaining magnetic surfaces that exist between the mϭ6 and 8 chains, and that act as barriers preventing field line diffusion in the radial direction. In order to have a chaotic region that effectively touches the wall we have to increase the EML current, as shown in Fig. 5 , where I h was raised to 4.5% of I p . For this higher perturbation value all chains with mу5 practically disappear, although the islands' centers-being elliptic ͑stable͒ fixed points of the Poincaré map ͑note the remnant of the mϭ4 chain͒-may still exist, but with a negligible interference on the field line transport.
IV. FIELD LINE DIFFUSION AND LOSS
The hallmark of chaotic motion in a conservative nonautonomous single-degree-of-freedom system, as is the case here, is the stretching-folding nature of the dynamics, characterized by the existence of one positive Lyapunov exponent. Since the available phase space is bounded, the result of many stretchings and foldings results in an involved and complex behavior, leading to field line diffusion. However, the phase space structure due to the presence of periodic orbits determines the kind of transport regime we deal with. 28, 29 This has been the object of many recent theoretical and numerical studies. 30 The main function of the EML is to create a boundary layer of chaotic field lines, centered around a given rational magnetic surface that has been destroyed by the perturbation. Throughout this boundary layer, the magnetic field lines show predominantly chaotic, or area-filling, behavior. To study field line diffusion within such a region, we take N initial conditions uniformly spread along J 0i ϭJ , and 0i ϭ2i/N , with iϭ1,2, . . . N , and J is picked up from the center of a chaotic region. For each initial condition we compute the average square displacement of the action variable
If the action is not restricted to a limited domain in the Poincaré phase plane (J,) this displacement goes asymptotically as n . Anomalous transport is characterized by 1, which we call subdiffusive if Ͻ1, and superdiffusive if Ͼ1. Gaussian transport is characterized by ϭ1, for which a diffusion coefficient is defined as
. ͑40͒
As we will see in more detail, it is impossible in practice to take a large time limit in the case of field line transport due to an EML, since field lines eventually collide with the tokamak wall and are lost. To circumvent this problem it is possible to consider the diffusion only in a limited region in action space. The diffusion coefficient, in this case, is pro- portional to the ratio between the action interval ⌬J and the average number of field line turns in the toroidal direction.
The anomalous, or non-Gaussian, nature of field line transport due to EML may be seen in Fig. 6 , where the time behavior of the average square displacement n 2 is depicted for two different values of the EML current, corresponding to the phase portraits of Figs. 4 and 5. We used N ϭ4000 initial conditions at J ϭ0.031 and spread out uniformly along the direction. We see that for both EML current values the transport is initially superdiffusive, with n 2 growing with time roughly as n 1.8 . After only a dozen iterations, however, the field line transport becomes subdiffusive. The fact that the process is not Gaussian indicates that the chaotic region contains islands which have a trapping effect on field lines. A chaotic field line that approaches the remnant of an island would stay around it for a given time before entering in the neighborhood of another island, and so on.
In order to visualize the trapping effect caused by the islands embedded in the chaotic region on the field line dynamics, we show in Fig. 7 the forward images, after 5 and 15 iterations, respectively, of a bunch of initial conditions at J ϭ0.031 and uniformly distributed along the poloidal direction, with an EML current of I h ϭ0.021I p . We may observe the stretching and folding nature of the bounded dynamics with positive Lyapunov exponent in the chaotic region. The foldings are modulated by the presence of the island remnants. This highly convoluted set, formed by the forward images of the initial conditions chosen, may reach the inner wall at r t ϭb t after a large number of iterations, which will cause loss of field lines.
This also causes n 2 to decrease for large times, provided the chaotic region reaches r t ϭb t , complicating an analysis of the diffusive behavior. This is shown in Fig. 8 , where we plot in grayscale the time ͑in number of toroidal turns͒ it takes for a field line to reach the tokamak wall. The EML current here is increased to 5.0% of I p . The darker the phase space point, the larger the time required for a field line starting at that point to hit the wall. The presence of islands embedded in this chaotic sea is clearly inferred from the highly convoluted regions characterized by high escape times, since these islands delay field line escape and eventual loss. The presence of white tongues indicates that the escape pattern is more akin to a convective transport than to a diffusive one, since in the latter case we would expect a more uniform escape pattern due to the ergodic nature of the Gaussian transport process.
A field line is considered lost whenever it reaches the tokamak wall at JϷ0.06. This causes the decrease of the mean square displacement n 2 for large times. In Fig. 9 , we plot the fraction of lost field lines N LF ͑with respect to the total number of initial conditions N T used to iterate the field line map͒ as a function of the number of toroidal turns, for I h ϭ0.045I p . We emphasize that, as we have four limiters, the time is discretized corresponding to an excursion of a quarter of turn ͑i.e., there are four points for each complete toroidal turn͒. This decay process is well fitted by an exponential law
͑41͒
in which N T ϭ4000, n 0 ϭ69, and n ϭ2393. The process resembles the exponential decay of a radioactive nuclei, and accordingly we may compute its half-life T 1/2 , or the time it takes to decrease the number of remaining field lines to half of their initial values. From Fig. 9 , we see that T 1/2 Ϸ1700 for the limiter current used there. In Fig. 10 , this half-life is plotted versus the relative limiter current. The solid line is a power-law scaling T 1/2 ϭa 1 I h Ϫr 1 , where a 1 ϭ3.10ϫ10 8 , and r 1 ϭ8.42. Since the increase of the EML current enhances the diffusion process itself, field lines are more rapidly lost, thus lowering the corresponding half-life.
As with a radioactive decay, the statistical process of field line loss is described by two events: a field line hits or does not hit the tokamak wall, and the probability p ␣ (m) of hitting the wall is much lower than the probability 1 Ϫp ␣ (m) of not doing so. This suggests a Poisson probability distribution , and the differences between our numerical results and those given by Eq. ͑42͒ differ by less than one standard deviation. We have also computed higher moments The exponential decay of chaotic field lines due to collisions with the tokamak wall may be considered in more detail. From the inset in Fig. 9 we see that this decay is not continuous, but rather is a process in which there are many plateaus with different lengths. In Fig. 12 , we show a distribution of the time intervals between successive losses of field lines, which is a normalized frequency histogram of the plateau lengths. F(⌬n) denotes the relative number of plateaus with length ⌬n. For a given EML current we have far more small plateaus ͑in which field line loss occurs after a few toroidal excursions͒ than long plateaus. This probability distribution is well fitted by an exponential function
F͑⌬n ͒ϭe
Ϫ⌬n , ͑45͒ from which we can compute averages, as for the plateau length
assuming proper normalization for F(⌬n). From the data shown in Fig. 12 , we obtain an average plateau length of ͗⌬n͘Ϸ1.11, so that Ϸ0.90. On the other hand, comparing this exponential fit with the Poisson distribution ͑42͒ we have that ϭ␣ϭ0.95. The agreement between these two estimated values of is a further evidence that the field line loss is a process described by a Poisson statistics. One remark should be made here. If we observe for a long time the number of field lines that remain in the chaotic region, the decay rate ␣ will change as the numerical experiment goes on. As a consequence, the number of field lines that hit the wall, over an observation interval T, does not strictly obey a Poisson distribution law. However, if we divide the total observation period into N shorter intervals, in each of them the Poisson statistics may still hold. The corresponding decay rates ␣ i , iϭ1,2, . . . N, will generally be different, but being Poissonian the overall collision rate will be the sum of the individual rates: ␣ϭ␣ 1 ϩ␣ 2 ϩ•••␣ N .
V. CONCLUSIONS
The ergodic magnetic limiter ͑EML͒ is designed to provide a cold boundary layer of chaotic magnetic field lines in the periphery of the tokamak plasma column. In practice this means a region of predominantly chaotic field lines which comprises both the plasma edge and the vacuum scrape-off layer that embraces it. The presence of this chaotic region is achieved by creating adjacent chains of magnetic islands, each of them with their own local chaotic region surrounding the separatrices. These local regions may coalesce and form a large-scale chaotic region through which field lines diffuse. If the chaotic region is large enough, they may collide with the tokamak inner wall and are eventually lost.
The study of field line transport in such chaotic regions and their loss due to collisions with the wall depends on long-term integration of magnetic field line equation. An analytically obtained mapping is a convenient tool to analyze field line behavior for a large number of turns. Using a convenient coordinate system ͑polar toroidal͒, we derive a map whose coordinate surfaces are good candidates for equilibrium flux surfaces, in the sense that they present a Shafranov shift. Another feature of our model is the use of an equilibrium field that results from an approximate analytical solution of the Grad-Schlüter-Shafranov equation, and by adopting a current density model that yields a parabolic safety factor profile.
The EML design that we consider embodies a parameter introduced to make the distribution of external conductors match the actual field line paths. The magnetic field of such a configuration is obtained by using the same geometry as for the equilibrium field. The use of a nonzero enhances the resonant effect of the EML. For example, a (5/1) EML with 0 and a MHD equilibrium with qϷ5.0 at the plasma edge give a sizable chaotic region centered at the plasma edge, and reaching the inner wall.
Our results show that there are two transport regimes for the chaotic region at the edge. Initially, a superdiffusive regime appears as a result of a positive Lyapunov exponent, leading to stretching and subsequent folding of bunches of field lines. After a few iterations, the existence of island chains causes a trapping effect, limiting field line excursions, and leading to a subdiffusive regime. A similar investigation for the diffusivity of field lines in a tokamak with ergodic divertor, in a cylindrical geometry, has shown a subdiffusive regime only. 37 In this paper we consider another kind of resonant perturbation, and the mapping is obtained for a toroidal geometry. The field line loss is described by an exponential-type decay. This decay, however, if viewed in detail is not continuous, but rather occurs in plateaus, whose lengths were found to obey a Poisson statistics. Moreover, the half-life of a diffusing field line depends on the limiter current in a power-law fashion.
